ABSTRACT
INTRODUCTION
Parallel mechanisms normally have a few closed loop chains to support the end-effector. This structure qualifies them to have potential advantages on high load-carrying capacity, good positioning accuracy and low inertia [1] , resulting in great interests in mechanism research in developing high performance machines in applications in industry and robotics world.
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Traditionally, parallel mechanisms have fixed topology and mobility determined by their fixed limb and joint arrangements. Due to the fast application scenario change and variable custom requirements, parallel mechanisms are expected to have the ability of adapting. Based on this, metamorphic parallel mechanisms (MPMs) [2] were developed. MPMs are a class of mechanisms that keep the advantages of traditional parallel mechanism but possess adaptability and reconfigurability to change permanent finite mobility based on topological structure change. This paper introduces one of this kind of parallel mechanism and proposes a unified dynamic modeling for analysis and control in real applications.
The study of metamorphic parallel mechanism is in the scope of reconfigurable mechanism research. In 1990s, Dai and Rees [3] proposed metamorphic mechanisms from the study of decorative carton folds and reconfigurable packaging. Wohlhart [4] introduced kinematotropic linkages and kinematotropic parallel mechanisms [5] that can change the mobility based on variable position parameters. Following these, much work has been taken in this area to develop different metamorphic mechanisms using different models, including screw theory based synthesis of parallel mechanisms with multiple operation modes [6] , and variable topology joints for variable topology mechanisms [7] . Based on their novel property, metamorphic mechanisms were used in metamorphic underwater vehicle [8] 2 Copyright © 2013 by ASME and metamorphic multifingered hand with an articulated palm [9] to adapt to variable application environment. Recently, some work has been done on metamorphic parallel mechanisms. Based on a reconfigurable Hooke (rT) joint, two types of MPMs were introduced [2] and detailed topology reconfiguration of a MPM with mobility change from 1 to 6 was investigated [10] . A general construction method for MPMs was introduced using screw theory [11] and a metamorphic parallel mechanism with ability of performing phase change and orientation switch was also proposed in [12] . In [13] , motion planning for a parallel mechanism with reconfigurable configurations was studied.
Since each topology of a metamorphic parallel mechanism can be taken as traditional parallel mechanism with fixed mobility, how to solve all the topologies in a unified form [14] becomes a big challenge for the real applications. Screw theory [15] demonstrated good property in parallel mechanism mobility analysis with naturally unified form of presenting geometric forces and actuation forces, based on which a unified 6 by 6 Jacobian matrix [16] was proposed to analyze parallel mechanism singularities. Screws were also applied in velocity and acceleration analysis [17] in mechanism research with dynamic modeling [18] of parallel mechanisms. Considering these performances, screw theory is used in this paper to set up the unified dynamic modelling by covering all the topologies of the 3(rT)PS metamorphic parallel mechanism with mobility change from 3 to 6. The inverse dynamics is solved based on the proposed model and the obtained limb forces can present the actuation forces in one topology while it means geometric constraint forces in another topology but solved in a unified form.
To demonstrate the method, this paper is arranged in the following structure: section 1 introduces variable topologies of the 3(rT)PS metamorphic parallel mechanism based on two phases of the reconfigurable rTPS limb; section 2 solves the unified inverse displacement, velocity and acceleration analysis, following which, unified dynamic modeling in screw theory is proposed in section 3 with an example simulation illustrated in section 4. Conclusions make up section 5.
VARIABLE TOPOLOGIES OF THE 3(RT)PS METAMORPHIC PARALLEL MECHANISM
The under analyzed 3(rT)PS metamorphic parallel mechanism consists of three reconfigurable (rT)PS limbs as in Fig.1 . In the limb, there is a reconfigurable Hooke (rT) joint [2] , a prismatic joint and a spherical joint. The reconfigurability of this limb stems from the configuration change of the rT joint which has two rotational degrees of freedom (DOFs) about two perpendicularly intersecting rotational axes (radial axis and bracket axis) as in Fig. 1 . A grooved ring is used to house the radial axis and make it have the ability of altering its direction by rotating and fixing freely along the groove. This allows the radial rotation axis change with respect to the limb, resulting in two typical phases of the rTPS limb as in Fig. 1 . While in Fig.   1(a) , the radial axis is perpendicular to the limb (prismatic joint) denoted as (rT) 1 PS, it is collinear with the limb (prismatic joint) passing through the spherical joint center in Fig. 1(b) and the limb phase is (rT) 2 PS. In Fig. 1 , β is the angle between the limb and its projection on the plane passing through rT joint center and perpendicular to the bracket axis, β =0 in the (rT) 2 PS. α is the angle between that projection and the line passing through rT joint center and perpendicular to the bracket surface. Fig. 1 , the (rT) 1 PS limb has six DOFs with no constraint to the platform and the (rT) 2 PS limb has five DOFs with a constraint force passing through the spherical joint centre and parallel to the bracket axis of the rT joint. By altering the limb phase between these two, the 3(rT)PS metamorphic parallel mechanism has variable topologies with different mobility. The constraint screw system of the 3(rT) 2 PS parallel mechanism in Fig. 2 can be given as:
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where n i is unit vector of the bracket axis in limb i.
The three constraint forces in (1) constrain two translations along x-axis and y-axis with one rotation about z-axis. Thus, the 3(rT) 2 PS parallel mechanism with parallel constraint screws has three DOFs with two rotations about x-axis and y-axis with one translation along z-axis (2R1T).
Altering the (rT) 2 PS limbs in the previous 3(rT) 2 PS parallel mechanisms into the phase (rT) 1 PS will result in various new mechanism topologies with increased mobility. After changing the phase of one limb, the 3(rT) 2 PS parallel mechanisms become the topology 2(rT) 2 PS-1(rT) 1 PS in Fig. 3 (a) that has two parallel constraint screws following (1). One constraint less makes the 2(rT) 2 PS-1(rT) 1 PS one more DOF than the 3(rT) 2 
PS.
Based on the constraint screw analysis, the 2(rT) 2 PS-1(rT) 1 PS parallel mechanism has four DOFs with three rotations and one translation along z-axis (3R1T).
Figure 3. VARIABLE TOPOLOGIES OF THE 3(rT)PS
When further changing one more limb phases, the mechanism changes to the topology 1(rT) 2 PS-2(rT) 1 PS as in Fig. 3(b) , which has only one constraint screw that limited the translation along 3 r S parallel to the bracket axis in limb 3. This mechanism has five DOFs with three rotations and two translations perpendicular to 3 r S , (3R2T). When changing the third limb to phase (rT) 1 PS, the mechanism becomes another topology 3(rT) 1 PS as in Fig. 3 (c) that does not have any constraint screw with full mobility 6.
The above shows one way of changing the limb phases in the order from limb 1 to limb 3 one by one. Actually, when changing the phases in different order or by different number, the mechanism can vary its topology from any one to another with mobility change among 3, 4, 5 and 6.
UNIFIED KINEMATICS
Since the 3(rT)PS metamorphic parallel mechanism has variable topologies with different mobility each of which is an independent parallel mechanism, how to model those mechanisms in a unified form for applications becomes a challenge. The following sections solve this problem.
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Unified Inverse Displacement Analysis
Considering difference between the two phases of the rTPS limb, it can be found that the key part is the rotation about the radial axis which can be represented by angle β as in Fig. 1 . It can be taken as that the (rT) 1 PS limb has variable angle β while the (rT) 2 PS limb has a fixed angle β=0. Thus, the (rT) 2 PS limb can be taken as a special configuration of the (rT) 1 PS limb by locking the actuation at β=0. This gives an important method to unify the geometric and kinematics modeling of the 3rTPS metamorphic parallel mechanism by covering all its reconfigurable topologies with mobility change. The following is to use the prismatic joint in the (rT) 2 PS limb as actuation input and the rotation about the radial axis is added for the second actuation when the limb changes to phase (rT) 1 
PS.
Based on the above analysis and the coordinate systems of the 3rTPS metamorphic parallel mechanism in Fig. 2 
where d i is the limb length, R(z, h) represents a rotation about axis z with angle h. The inverse displacement analysis of the 3rTPS metamorphic parallel mechanism is to obtain the actuation parameters (limb length d i , radial-axis rotation angle β i ) based on the given platform position and orientation. When giving the platform position p (p x , p y , p z ) and orientation R described in the global coordinate system in Fig.2 , the position of the spherical joint centers can be obtained as: 
where the spherical joint centers on the platform are symmetrically arranged on a circle with radius r a . By correspondingly equaling (3) to (2), the inverse displacement analysis can be solved: 
Unified Velocity/Acceleration Analysis
The velocity twist of the moving platform of the 3(rT)PS parallel mechanism can be written as the linear combination of instantaneous twists in each limb:
where 
is the ith limb Jacobian. Eq.(6) can be used to obtain the joint velocities in the limb based on the given platform velocity and the results will be applied to the Lie screw calculation in the acceleration analysis. Based on the actuation analysis, the translation of the prismatic joint is chosen as the input for the (rT) 2 PS limb and the rotation about the bracket axis is taken as the second actuation when the limb changes to phase (rT) 1 PS. Thus by locking the active joints in the limbs temporarily, and taking the reciprocal product (represented by ο) on both sides of (5) 
where
Equations in (7) for the three limbs can be rewritten in matrix form as: Copyright © 2013 by ASME Thus J is the Jacobian matrix and the joint rates can be obtained from (13) when the platform velocity is given. This solves the inverse velocity analysis based on the unified kinematics modeling by covering all the topologies of the metamorphic parallel mechanism.
Similar to the velocity relation, the reduced acceleration state or accelerator [16] of the moving platform can be also written as the linear combination of instantaneous acceleration screws of all the joints in each limb as:       (10) Similar to the velocity analysis, the actuator accelerations can be inversely solved by giving the platform acceleration as: 
UNIFIED INVERSE DYNAMICS BASED ON VIRTUAL WORK PRINCIPLE

Velocities and Accelerations of the Centers of Mass
In order to describe the virtual work of the parallel mechanism system, the velocities and accelerations representing the centers of mass of the platform, lower limb and upper limb in each limb should be calculated based on the given platform motion parameters. From (6) and (8) 
Following this and (8), the velocity screws of platform, the lower and upper parts in the limb in terms of the actuation input velocities can be obtained by 
where P (*) and D(*) give the primary part and dual part of the screw, r li is the vector from the point O to the center of mass of the lower limb. The velocity screws of the platform and the upper limb can be changed similarly.
Based on the acceleration equations in (9) and (10) 
The acceleration screws of the upper limb can be obtained similarly.
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Virtual Work Based Inverse Dynamics
Generally, the wrench on the moving platform of the 3(rT)PS metamorphic parallel mechanism can be described as
where a Pcm is the translational acceleration of the center of mass of the platform, f P and τ P are the external force and torque applied to the center of mass of the platform, I P is the inertia matrix of the platform. Similarly, the wrenches on the lower limb and upper limb can be given as below by considering that there is no external forces and torques on the limbs.
where I li and I ui are the inertia matrices of the lower limb and upper limb in limb i. Based on the above analysis, the total power W performed by the mechanism system forces is: 
Using the principle of virtual work, the below exists by expanding (19) 
Thus, the actuation input (τ i2 , F i3 ) (i=1,2,3) can be solved inversely when giving the platform acceleration and velocity. It should be noted that there is one actuation input F i3 when limb i is in phase (rT) 2 PS and there are two (τ i2 , F i3 ) when it is changed to phase (rT) 1 PS. For the inverse dynamics analysis of a topology of the 3(rT)PS metamorphic parallel mechanism, corresponding equations in (21) should be selected considering the phase of each limb. Take the 2(rT) 1 PS-1(rT) 2 PS in which limb 2 is in phase (rT) 2 PS as an example, the actuation input (τ 12 , F 13 , F 23 , τ 32 , F 33 ) can be solved in (21).
NUMERICAL EXAMPLE SIMULATION
Based on the above dynamic modeling, this section uses a numerical example to demonstrate the theoretical procedures. The mechanism parameters are listed in Table I , in which e l is the distance from center of mass of the lower limb to the rT joint center and e u is the distance from center of mass of the upper limb to the spherical joint center. The inverse dynamic analysis is based on the input of the platform with a translation in the xOz plane and a rotation about x-axis, which follow the following periodic function: 
The platform starts from initial position (0, 0, 0.24) with no initial orientation. The simulation results are listed in Fig. 4 . It can be seen that the joint velocity and acceleration of the rotation about the radial axis in limb 1 are zero due to the fact that the platform only translates in the xOz plane with rotation about x-axis. The limb joint velocities and accelerations in limb 2 and limb 3 are also relatively symmetry based on this platform motion.
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Copyright © 2013 by ASME The selected platform motion also demonstrates the unified dynamic analysis of the metamorphic parallel mechanism covering 5DOF topology 1(rT) 2 PS-2(rT) 1 PS (limb 1 in (rT) 2 PS) and 6DOF topology 3(rT) 1 PS. In the 5DOF case, the obtained torque of the radial axis (τ 12 ) in limb 1 represents the reaction torque and it represents actuation torque in the 6DOF topology. Thus, this unified form can give unified dynamics analysis for all topologies.
CONCLUSIONS
This paper introduced the 3(rT)PS metamorphic parallel mechanism with variable topologies and mobility change from 3 to 6. Screw theory based dynamic model gave a unified form to solve the inverse dynamics by covering all topologies. The obtained torques in the limbs were actuation torques in the (rT) 1 PS phase and they represented reaction torques in the (rT) 2 PS phase. This solves dynamic analysis of this parallel robot in reconfiguration-involved applications.
